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ABSTRACT

A unified theory on a certain type of inequalities for
abstract linear operators and, in particular, for ordinary
linear differential operators of the first, second, and fourth
order is developed. The statements which involve these
inequalities lead to a principle of error estimation. With a
programmed procedure, approximate solutions and corresponding
error bounds have been calculated for some examples of the

second and fourth order.



1. INTRODUCTION

This paper is mainly concerned with linear ordinary differential

operators L such that

Llu]l(x) 20 (0 <x<1) implies u(x) >0 (0 <x <1)

for all functions u(x) which possess derivatives of sufficient high
order and satisfy certain equations, or inequalities, at the boundary
points x =0 and x = 1, In particular, we are interested in how
this property can be applied in order to obtain error bounds for an
approximate solution of a boundary value problem which involves the

operator L.

In Section 2, an abstract theory on inverse-positive linear operators
M 1is developed. This theory is then applied to differential equations
of the first and second order (Section 3), to systems of such equations
(Section 4), and to some differential equations of the fourth order
(Section 5). For all of these problems, we obtain in this way principles
for error estimation. In Section 6, we finally give some numerical results
which have been gained by a programmed procedure based on the error

estimation principle just mentioned.

Many results concerning inequalities for ordinary linear differential
operators can be found in the literature. In order to prove these

results, several different methods have been used. This paper shall show



that many of those results, and new results also, can be derived in

a rather simple way from simple abstract theorems. In particular,
this is true for results which are useful for numerical calculations.
Some of the theorems in this paper are already known, for example, the
basic Theorem 1 in Section 2, and its applications to differential
operators of first and second order, and also the remarks concerning
iterative procedures in Section 2.6. Most of the other results seem

to be new.

The results in this paper can be generalized. For example, the

abstract theorems in Section 2, as well as the numerical procedure in

Section 6, can be applied to linear partial differential equations also.

Moreover, Theorem 1 in Section 2 is a special case of a theorem on

nonlinear inverse-monotonic operators M. This more general theorem

can be applied to nonlinear ordinary and partial differential equations,

and a similar procedure as that in Section 6 can be used to obtain error

bounds for certain types of such nonlinear equations. While a survey

on such applications to nonlinear equations will be given elsewhere (8],

we restrict ourselves here to linear operators and ordinary differential

equations in order to be able to give more details.



2. INVERSE-POSITIVE OPERATORS

Let R= {u,v,...} and S = {U,V,...} be linear partially
ordered spaces, and let M be a linear operator which maps R 1into S.

Under what conditions i8 it true that
Mu > 0 impites u > O
for u ¢ R?

A linear operator with this property will be called inverse-

positive, because the above implication holds if any only if
M has a positive inverse,

i.e., M-l exists, and U > O implies M.IU >0 for U in the

domain of M_l.

2.1 SUFFICIENT CONDITIONS
Let R be Archimedian, 1i.e.
nu <v (n=1,2,...) implies u <0

if u,v are arbitrary fixed elements in R. We define a second order

relation u<€v in R (u strongly smaller than v ) by:
u >0 (u strongly positive)iff u has the following

PROPERTY o0: For each v ¢ R there exists a natural number n

such that v < nu.

Moreover, we require that there is defined a second order relation

U{ V in S, also. This relation may be defined by Property o, or may



not, but it shall satisfy the following conditions:

U™0, V>0 imply U+V¥0; U0, A>0 imply AU »O;
Up0 dimplies U > 0.
These assumptions shall hold throughout this Section 2.
THEOREM 1: Let the following assumptions be satisfied.
Assumption I: For w ¢ R,
w>0, Mw>»0 imply w 0.
Assumption II: There eriste z ¢ R such that
z >0, Mzpo, (2.1)
Then for u ¢ R,
Mu >0 implies u > 0.

PROOF (see Figure 1): Suppose that Mu > O, but not u > O.
Then, because R 1is Archimedian, there exists a smallest number
)‘0 > 0 such that u + )\0 z2 > 0. The element w = u + Aoz satisfies
w >0 but not w >0. On the other hand, Assumption II yields
Mw = Mu + AoMz }0, and therefore, w >-0 because of Assumption I.

This contradiction shows that the Theorem is true. (Notice, that

z > 0 because of Assumption I. For a more detailed proof, see [7].)
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Figure 1: Illustration of the proof with R = S = R

u-(ul,uz)lo iff uliO, uzlo; up>0 iff u1>0, u

and the same order relations in S.



SPECIAL CASE 1: If M = A-B with a linear operator A
satisfying Assumption I and a positive linear operator B, then

M satisfies Assumption I. In particular, A = I satisfies

Assumption I,

2.2 NECESSARY CONDITIONS

We will prove that the sufficient conditions of Theorem 1 are

necessary ''in general'.

THEOREM 2: Suppose that M 1is inverse-positive. Then the follow-
ing statements hold.

1. The operator M satisfies Assumption I if the second order
relation in S has Property o.

2. The operator M satisfies Assumption II if its range contains

at least one strongly positive element.

PROOF: 1) Suppose that w > 0, Mw % O for some weR and let
v be any element in R. Then, if the second order relation in S has
Property o, there exists a number n satisfying Mv < nMw. This
inequality yields v < nw for inverse-positive M. Because there exists
such a number n for every v € R, we have w }-0 by definition.
2) Let reS be any strongly positive element in therange of M and
Mz = r. Then Mz > 0 and therefore z > 0, because M 1is inverse-

positive. Thus, 2z satisfies Assumption II.



2.3 CONNECTED CLASSES OF OPERATORS

For many important classes of operators, it is easy to prove
that Assumption I is satisfied (see, for example, Sections 3 and 4).
If M is inverse-positive, the element 2z occurring in Assumption 11
may be constructed by solving the equation Mz = r for any r }-0
(see the second part of the proof of Theorem 2). Considering, however,
certain "connected'" classes of linear operators M, instead of a single
operator, one need prove Assumption II for only one operator of such a
class.

Let M be a set of linear operators M which map R <into S

and eatisfy Assumption I.

A one parameter family z(t) ¢ R (0 < t < 1) will be called
continuous at to € (0,1) 1if for each natural n there exists a positive

number 6(n) such that
de <zt -2ty <L for Je-t] < &(n) (2.2)
n - 0’ —n o' — . ’

where e > 0 denotes an arbitrary element in R (which may depend

dt :
on z an 0 )

LEMMA: Suppose that for each pair of operators Mys M) € m
there exists a family of operators M(t) ¢ M and a continuous ‘armily

z(t) ¢e R (0 <t <1), such that

M(0) = My, M(1) = M;,  M(£)z(t) 0 (0 <t < 1),

Let, moreover, at least one operator M e M be inverse-positive.



Then all operators in MM are inverse-positive.

PROOF: Suppose M1 e M 1s not inverse-positive. Define

MO =M and let M(t),z(t) have the properties mentioned above.

The inequality Moz(O)}-O implies z(0) > O because MO is
inverse-positive. The two last inequalities yield z(0) }-0 because
of Assumption I. Thus, there exists a smallest positive number

t. <1 such that z(t) }-O for 0 <t <t For this number ¢t

0
the right hand inequality in (2.2) yields

0’ o’

n(-z(tj)) < e - nz(t) <e if 0<ty-6< t<t,

Therefore, we have -z(to) < 0 because R 1is Archimedian.

If to = 1, the element 2z(1) satisfies (2.1) for M = Ml and,
therefore, Ml is inverse-positive according to Theorem 1. The
inequality to < 1, however, contradicts the definition of tO'
Applying Assumption I to M(to), we get z(to) >-O. Therefore, there
exists a natural number m with the property: e imz(to). For n > m,

the left hand inequality in (2.2) yields
m
0{ (1 - ;)z(to) < z(t) s |t - t0| small enough.
That means, z(t) >-O is true for a lar_er interval than [O,to).

One need not always actually construct the elements 2z(t). In order to

prove their existence, some knowledge about the inverse operators of

MeM 1is sufficient.



THEOREM 3: Let the following assumptione be satisfied.

1. a) All operators M ¢ M have an inverse.
b) The ranges of all operators M ¢ M have at least one
element r 0 in common.
o* My of operators in M there existe
a family M(t) ¢ M (O <t < 1) such that M(0) = Mo,

e) For each pair M

M(1) = M ana such that the family M-l(t)r depends
continuously on t.

2. At least one operator ¥ e M is inverse-positive.

Then, all operators M e M are inverse-positive.

This theorem is an immediate consequence of the lemma, because

the elements z(t) = M-l(t)r satisfy all required assumptions.

2.4 SPLIT OPERATORS

If a linear operator M, occurring in some given problem, is not
inverse-positive, the problem can often be transformed such that it is

described by an inverse-positive operator M.

Define R to be the linear space of ordered pairs u = (ul,uz) of

elements ul, u2 € R with the order relations:
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uP0  iff  u PO, u,« 0;
and let S be similarly defined using ordered pairs of elements

of S.
Let Ml, Mz denote a pair of linear operators mapping PR into

S such that
M=M -M (2.3)
and define by

Ha = (Mjuy - Myu,, Mju, - Myu,) (2.4)

~

an operator M which maps R into S.

Then, one may ask whether this operator M is inverse-positive,

that means, whether for ul, uze R,
Myju, - M2u2 >0 By Z 0
imply (2.5)
Hluz - M2u1 <0 u2 < 0 .

To prove this property, one may apply Theorem 1. The following

assumption is sufficient for Assumption II applied to M:
Assurption II': There exists an element z ¢ R such that
z>0, (M +M)z »o0.

This follows from the fact that 2z = (z, - z) satisfies

Assumption II applied to M.
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SPECIAL CASE 2: Let
M=A-B
with linear operators A,B, and suppose that A and B can be
split into
A= Al S Az, B = B1 — B2’

such that A defined by

- A.u Au, - A u.)

Au = (Aju) - Ajuy,  Ajuy - Ajuy

satisfies Assumption I,and the operators Bl’BZ are positive. Then

M defined by (2.3) with
My =y - B, My =i, =8,
satisfies Assumption I.
For example, if A 1itself satisfies Assumption I, then A
con-.ructed with A1 = A, A2 = 0 satisfies Assumption I.
2.5 ERROR ESTIMATION
Let be given an equation

Mu=r (2.6)

which has a solution u*e R, and suppose that ¢ 1is an approximation

of u* with defect
d{¢] = -M¢ + r.

ERROR ESTIMATION 1: {If M 18 inverse-positive, consgtruct an element

z >0 in R and calculate numbers \,u such that -\ <u and
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=AMz < d[¢] < uMz. (2.7)
Then, the error estimation
-Az < u* - ¢ < uz
holds.
One proves this statement using d[¢] = M(u* - ¢).
REMARK: The element 2z has to satisfy the inequalities
z>0, Mz>0

which are very similar to (2.1) (except in the trivial case d[¢] = 0).
Very often, the element 2z wused in the error estimation will satisfy
(2.1). In other cases, an element 2z satisfying Assumption II can be

gained by slightly modifying the element z used in the error estimation.

If M 1is not inverse-positive, one may get an error estimation using
the method of splitting of Section 2.4. Let M be an operator as

described in that section, and let M be inverse-positive. Then, the

only solution of
Mu = r with r = (r,r)
is Ga* = (u*,u%),.

ERROR ESTIMATION 2: Let (2.5) be satisfied for a certain splitting
(2.3). Construct an element z > 0 in R and calculate numbers \,u

such that =\ < u and

-A(M1 + Mz)z < d[¢] i_u(Ml + Mz)z. (2.8)
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Then, the following error estimation holds,
-Az < u* - ¢ < yz.

One proves this statement by applying Error Estimation 1 to

& = (¢,4), 2 = (z,-2z).

b

2.6 ITERATIVE PROCEDURES, EXISTENCE

If M 1is inverse-positive, the equation Mu = r has at most
one solution. Under additional assumptions, one can prove also the

existence of such a solution using the means of the preceding sections.

SPECIAL CASE 1: Consider the special case M= A - B at the end
of Section 2.1 with A satisfying Assumption I and B positive.
Assume, moreover, that M, and therefore also A, satisfies
Assumption II and let AR = S, Then, A 1s inverse-positive, and the
operator T defined by Tu = A-lr + A-lBu is an isotonic mapping of

R into R.
Suppose, that the inequalities (2.7) in Error Estimation 1 are

satisfied and define sequences {x(n)}, {y(n)} by

X - iz, = ¢ + pz

o = ¢ Y (0)

= r + Bx =r + By(n) (n=0,1,2,...),

AX (n+1) m)*  AY(n+1)

Xm4l) = )y Y1) = Dn) (n =0,1,2,...). (2.9)
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-1
Then, X(0) 5-y(0)’ and by applying A to (2.7), one gets
X(0) < x(l). y(l) :_y(o). Because T is isotonic, these
inequalities yield

x(o) :'x(l) < eee :‘x(n) < eee g_y(n) < eee :_y(l) i-y(O)' (2.10)

In many cases, one can conclude from (2.9) and (2.10) that the
sequences {x(n)}, {y(n)} converge to fixed points x* = Tx* and y* = Ty*,
respectively. Each fixed point is a solution
of the given equation Mu = r. Because
is inverse-positive, x* = y*, (If only A, instead of M,
satisfies Assumption II, we cannot conclude x* = y* which, of course,

is not necessary to prove the existence of a solution.)

Under suitable additional assumptions on the space R and the

operators A,B, the inequalities (2.7) of Error Estimation 1 yield

the exictence of a solution u* of the given equation Mu = r.

SPECIAL CASE 2: Let now M be as in the Special Case 2 at the end
of Section 2.4. Suppose, moreover, that M satisfies Assumption II'

also, and let AR = S (The last relation holds, for example, if A = Al

and AR = S.) If then the inequalities (2.8) of Error Estimation 2 are

satisfied, let {x(n)}, {y(n)} be the sequences defined by

X = ¢ - Az, = ¢ + uz,

(0) Y (0)

Bfay P e " T MBwy T By

Wy - e "t B - P (n=0,1,2,...).
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These sequences again satisfy (2.10), and, therefore, one very often

can conclude that these sequences converge to elements x*,v* with

* - * = * - *
Alx A2y r + le Bzy ,

L *
Aly A x

* - *
2 r + Bly B, x*.

2

The last relations are equivalent to

Mx* = r with x* = (x*,y*), as well as to ﬁ§* = r with

y* = (y*,x*). Because M is inverse-positive, x* = y* 6 j.e. x* = y*,
Consequently, u* = x* = y* js a solution of the given equation. (If

only A=A instead of M =M, - MZ, satisfies Assumption II',

1 1
one cannot conclude x* = y* but still can prove the existence of a
solution, namely, u* = (x* + y*).)

Under suitable aaaitional assumptions on the space R and the

©

operators AI'AZ’BI’BZ’ the inequalities (2.8) of Error kstimation 2

yield the existence of solution u* of the given equation Mu = r.

3. DPROBLEMS WITH A SINCLE DIFFERENTIAL EOUATION OF AT MOST THE SECOND ORDER

3.1 SUFFICIENT CONDITIONS FOR INVEPSE-POSITIVITY
Consider the boundary value problem

Llu] = L{u](x) = a(x)u" + b(x)u' + c(x)u = s(x) (0 < x < 1),

V{u] = au'(0) + 2u(0) = A, Wlu] = yu'(l) + Su(l) = B. (3.1)
with given finite real functions a,b,c, and s. We ask for
solutions ueR where R 1is a linear subset of functions in C[O0,1]

which have sufficient differentiability properties. At least, we will
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require that u € R possesses all derivatives which actually occur
in the given problem. (For example, u'"(x) shall exist if a(x) ¢ O

for that point x.)
Under what concitions do the inequalities

Liul(x) > 0 (0 < x <1),
tmply u(x) >0 (0 <x <1) (3.2)
V[{u] > 0, Wlu] >0

for u e R?

SPECIAL CASE A: The initial value problem

L{u] u' + c(x)u = s(x) (0 <x<1),

(3.3)

V[u] u(0) = A
can be written in the form (3.1) with
Wlu] = L[u](1), B = s(1).
SPECIAL CASE B: The singular boundary value problem

Llu]l(x) = a(x)u" + b(x)u' + c(x)u = s(x) (0 <x <1)

with

a(0) = a(1) =0,

but without ziven boundary conditions, can be written in the form (3.1)

by defining

V{u] = L[u](0), A =s(0); W[u] = L[u](1), B = s(1).
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THEOREM 4: If
a(x) <0 (0 <x <1), (3.4)
a 109 Y 10 (3.5)
and if there exists a function z € R such that
z2(x) >0 (O<x<1),
(3.6)
L{z](x) > O (0 <x<1), Viz] > o, W[z] > O,

then, (3.2) holds for u e R.

PROOF: Let S be the space of vectors U = (s(x), A, B) with
real functions s(x), defined on (0,1), and constants A,B.

Then, the operator Mu = (L[u](x), V[u], W[u]) maps R into S.
Define, moreover,

>0 HEE o ulx). > 0 (0 <ox < 1)

1);

c
Y
°

iff u(x) > 0 (0 < x

| A

U

|v

0 iff s(x) >0 (0<x<1), A >0, B > 0;

Uso dff s@) >0 (O<x<l), R >0.B >0

Then, (3.2) holds iff M is inverse-positive, and it suffices to
prove that M satisfies the Assumptions I and II of Theorem 1. To
prove Assumption I, let us suppose that w >0, Mw >-0, but not

w »0. Then, w(x) assumes the minimum w(xo) = 0 at some point
xOs.[O,I]. If xoe:(O,l), then w'(xo) = 0, w"(xo) > 0, and
therefore, L[w](xo) <0. If x, =0, then w'(0) > 0 , and therefore,

0

Viw] < 0. If Xy = 1, then w'(l) < 0, and therefore, W[w] < 0.
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Thus, in each case one gets a contradiction to Mw » O.

For the SPECIAL CASE A, the assumptions (3.4), (3.5) are

always satisfied. Assumption II is equivalent to (3.6).

For the SPECIAL CASE B, the assumption (3.5) is equivalent to

b(0) < 0, b(l) > 0.

For example, these inequalities hold for

L{u] = -x(1-x)u" + o(x-%)u’' + c(x)u,

if o 1is a non-negative constant. If, however, the constant ¢ 1is
negative, one needs additional boundary conditions in order to form

an inverse-positive operator M,

EXAMPLES of functions z: The following functions z satisfy

the inequalities (3.6) if the corresponding conditions, stated below,

hold.
1) 20g) = 1,
if
c(x) >0 (0 <x <1), g8 >0, § > 0y (3.7)
2) z(x) = cos(m-€) (x-%)

with small enough ¢ > 0, |if
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-u" + c¢(x)u with c(x) > -wz (0 <x <1,

L[u] =

(3.8)
V{u] = u(0), W[u] = u(l);
3) z(x) = eNx

in case of the initial value problem (3.3) with c(x) > -N (0 < x < 1).
Further functions 2z which can be used under weaker conditions

as, for example, (3.7) are given in [6].

3.2 CONNECTED CLASSES OF EQUATIONS

In this Section 3.2, we consider only operators L with coefficients
a(x), b(x), c(x) which are defined and continuous on [0,1]. Moreover,

we restrict ourselves to boundary value problems (3.1) with
a(x) =-1 (0<x<1), a«a<O0, Y2>0, (3.9)

and we define R = Cl[O,ll ﬂCZ(O,l).

Each triple M = (L, V, W) is then described by its coefficient

vector
| S (b(x), c(x), a, B, Y, 3).

Let M be a set of such triples M = (L,V,W) such that the
corresponding coefficient vectors 1§ form a connected set R, i.e.
for each pair ’0’ flc R, there exists a (component-wise) continuous

curve f(t) e 8(0< t < 1) with t, = 1), '1 = f(1). For
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example, M may be a convex set.
THEOREM S: Let the following asswmptions be satisfied.

1) For each M = (L,V,W) ¢ M, the homogeneous problem,

correcponding to (3.1), nas no nontrivial solution.

2) There 18 at least one M = (L,V,W) € M such that (3.8) is
catisflied.

Then, the implication (3.2) is true for all M = (L,V,W) ¢ M.

PROOF: The statement of this theorem can be derived from Theorem 3
by considering each triple M = (L,V,W) as an operator defined as in

the proof of Theorem 4, and using the following facts.

Because of (3.9) each M ¢ N satisfies Assumption I according to
the proof of Theorem 4. Because of Assumption 1, all operators M ¢ N
have an inverse M-1 which can be applied to r = (s(x), A,B) with

s(x) 1, A=1, B =1,

Moreover, for any family of operators M(t) ¢ MM (0 <t < 1) with
continuous coefficient vectors f(t), the functions z(t) = M-l(t)r

depend continuously on t.

Finally, at least one M ¢ M 1is inverse-positive, because (3.8)
holds for at least one M r M, and for this operator M Assumption II

is satisfied also.

Roughly spoken, Theoren 5 says: If one starts with a triple

(L,V,WY such that (3.2) holds, and then changes the coefficients
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continuously, the i.plication (3.2) remains true as long as one
does not hit a triple (L,V,W) such that the corresponding problem

(3.1) does not have a unique solution.

A very simple EXAMPLE is the set M of triples M = (L,V,W)

with (3.8).

3.3 ERROR ESTIMATION

Consider a problem (3.1) such that (3.2) holds. Suppose that
there exists a solution u* ¢ R, and let ¢ ¢ R be an approximate
solution. Then, one can get a bound for the error u* - 3 in the

following way.

ERROR ESTIMATION: C(onstruct a function z ¢ R and calculate

a constant X such that

[-LI¢)(x) + s(x)| < AL[2](x) (0 <x < 1),
|-vi¢] +A | < aV[z]

|-Wl¢] + B | < aW[z].
Then, the error estimation
|u*(x) - ¢(x)| < Az (x) 0K 1) (3.10)

holds.

3.4 A DIFFERENT APPROACH

For ordinary differential equations, one often will choose an
approximate solution ¢ which satisfies the given boundary conditions.

Then, one does not need (3.2) but only the weaker property:
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Llul(x) >0 (0 < x < 1)
imply u(x) >0 (0 < x < 1) (3.11)
Viu] = W[u] =0

for u e R. (We now suppose that the coefficients a(x), b(x), c(x),
and s(x) are defined on [0,1].)
THEOREM 6: If
a(x) <0 (0<x<1),
J there exists a function z € R such that

z(x) >0 (0 <x <1),

L[z](x) >0 (0 <x <1), V[z] = W[z] =0,

(3.11) %holds for u € R.

This theorem can be proved in a similar way as Theorem 4. Omne
now defines Mu = L[u] on the space R of functions u ¢ R, which
satisfy the homogeneous boundary conditions, and then applies Theorem 1

(replacing there R by R).
Notice, that for (3.11), the conditions (3.5) are not required.

Using this different approach, one can consider CONNECTED CLASSES
ol cquations, similarly as in Section 3.2, and one can also derive a

corresponding ERROR ESTIMATION:
|-Li#)(x) + s(x)| < AL[z](x) (O <x <1)
molies  |u*(x) - ¢(x)| < Az(x) (0 <x <1),

provided ¢ e R satisfies the given (inhomogeneous) boundary conditions

and z ¢ R satisfies the corresponding homogeneous boundary conditions.
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3.5 ESTIMATION OF THE DERIVATIVE OF A SOLUTION

It is often possible to calculate bounds for the derivative of
the solution of a problem (3.1). For illustration, we consider the
special case

Llu](x) = -u" + b(x)u' + c(xX)u = s(x) (0 < x < 1)

u(0) = A, u(l) = B.
(A more general discussion will be given elsewhere.)

Suppose there exists a solution u* ¢ R = C1[O,1] N CZ(O,l) and

there has been gained an error estimation
lu*(x) - ¢(x)| < Az(x) (0 < x <1) (3.12)

for an approximation ¢ € R for u*. Let z ¢ R satisfy the

homogeneous boundary conditions 2z(0) = z(l) = O. Let, moreover,

b(x) be bounded: |b(x)| < N (0 < x <1). Then, one can calculate

a bound for (u* - ¢)'.
ESTIMATION OF THE DERIVATIVE: C(onstruct a fﬂnction L € Cl[O,l]
and calculate a constant u > 0 such that
|-L{s1(x) + s(x)| < ulg'(x) - b(x)e(x)] - Ale(x)]z(x) (0<x<1),  (3.13)

Az'(0) < wg(0) . (3.14)
Then,

lu*'(x) - ¢'(x)| < wz(x) (0 <x <1).

PROOF: Because of (3.12), (3.13), (3.14), we get the following

estimations for v* = y*';
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(vk = ¢")' = b(vk = ¢') = L{¢) = s + c(u* - ¢)

(e - bo) (0 <x <),

(vk = 8")(0) = lim ™ (u*(h) - ¢(h))
h»>4+0

<} lim hlz(h) = az'(0) < wr(0)
h->+0

According to Theorem 4, the implication (3.2) holds for the

operators

L'[v] v' - bv, defined on (0,1),

Vi[v] = v(0), W'[v] = L'[v](1)

(see Special Case A and notice that Assumption IT is satisfied with

N
z2 = e %) Therefore, the incqualities proved above yield

vk - 3" <pr (0 < x <1). In a similar way, one shows that

-uf, < vk - ¢'" (0 < x < 1) which then proves the error estimation.

REMARK: he conditions (3.13), (3.14) may be replaced by similar

conditions which contain an inequality at x = 1, instead of (3.14).

4, SYSTEMS OF EQUATIONS OF AT MOST THE SECOND ORDER

4.1 SUFFICIENT CONDITIONS FOR INVFRSE-POSITIVITY

We consider now a boundary value problem for m unknown functions

ul(x),...,um(x):
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Li[u] = ai(x)u'i' + bi(x)ui +2 cik(x)uk = Si(x) (0 < x < 1),
k=1
m
Vi[u] = a,ui(0) +2 B (0 = A,
k=j
m
l\'i[u] = yiui(l) + 2 Gikuk(l) = Bi (i=1,2,...,m).
k=1

Let R be a linear set of m-tuples y = (ul(x). uz(x),...,um(x))

such that all u, € C[0,1] and such that for u ¢ R, the components

k
uk(x) possess all derivatives which actually occur in the given

problem. We ask for solutions uceP.

Again, this problem includes initial value problems and singular

boundary value problems as special cases.
THEOREM 4':  Suppose that
ai(x) S0 @<x<l), a <0, y >0 (4.1)
cnd

0, 6., >0 for i#k (4.2)

Cik(X) io (0 < x < 1), Bik S

ik

(i,k = 1,2,...,m).
Moreover, let there exist z = (zl,....zm) € R such that

zi(x) 20  (0<x< 1)

Li[z](x) >0 (0<x<1), Vi[z] > 0, wi[z] > 0, (i=1,2,...,m).
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Then, the inequalities

x <1)

Li[u](x) >0 (0

| A

| v

Vlul 20, Wlul 20  (1=12,...,m

imply

ui(x) 0o (0 < x < 1; i=1,2,...,m).

| v

This theorem can be proved by generalizing the proof of Theorem 4.
One defines M to be the operator
Mu = (L1[u],...,Lm[u]; V1[u]....,Vm[u]; Hl[u],...,wm[u])

(4.3)
- (Li[u], vilult wi[u])o

which maps R into the space S of elements U = (si(x), Ai’ Bi)
(i=1,2,...,m) with functions si(x) defined on (0,1) and

constants A,, B The inequalities u > 0, U > O shall be understood

i

as holding component-and pointwise.

4.2 SPLITTING OF THE PROBLEM

If the assumptions of Theorem 4' are satisfied, one can get an error
estimation for an approximate solution ¢. In many cases, however, an
error estimation is also possible, if (4.2) does not hold. We apply the
method of splitting, described in Section 2.4, to the operator M in

(4.3). Let

it " ’ = (o
Lillu] a uf + biui + €14Y%4 T Sk Y%

7 - ' ey aT
\illu] aiui(o) + Biiui(o) z Bik uk(O),
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= : 8 Liage o
willu] Yiui(l) + ,iiui(l) I fik uk(l),

L12 = Lil - L, V12 = V11 -V, w12 = wil - W (i=1,2,...,m

where we have used the notations

m

I' = , £ =4L(f] - ).
k=1
k¥#i

Define then, similar as in (4.3),

Mlu -~ (LiI[UI’ villu]! willu])‘ Mzu = (Lizlu]O vizlu]’ wizlu])'

Then, for the operator M, corresponding to the splitting M = Hl - MZ

(see (2.4)), Assumption I is always satisfied if only (4.1) holds.

The corresponding operator M= Ml + Mz is

Mu = (L [u], V. [u], W, [ul)
with
T - " * - 5!
Li[u] ajuf +boui +c u, I |cik|uk’

V.[u] = aui(0) + 8,,u,(0) - z'lsikluk(o).

W lu] = y;ui@) + 6,0, (1) - I'[6, Ju ().

With these notations, Assumption II' is as follows:

Asswmption II': Let there exist z = (z e.,zm) e B such that

E*°

z, ) > 0 (0 <x < 1,

ii[zl(x) >0 (0<x<1), vi[z1 50, @i[zl >0 = B2 o m)
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4.3 ERROR ESTIMATION’

LLet the given proolem in Section 4.1 have a solution u* ¢ R,
and let ¢ € R denote an approximation for u*, Suppose, that the
inequalities (4.1) hold and thar Assumption II' in Section 4.2 is
satisfied. Then, one can get a bound for the error u* - ¢ in the

following way.

ERROR ESTIMATION: Construct an element z € R and calculate a

constant X such that
=L (0] (x) + s, ()| < AL [2)(x) (0 < x < 1),
|-v (6] + A <V, (2],
|-w1[¢>] + Bil < MW, (2] (4 = 125 . si0) .
Then,
*q i
lu (x) -0 ] < re(x) (0 <x <1y 1= 1,2,00.,m),
For z 1in Assumption II', such a constant \ always exists.

This statement is a consequence of Error Estimation 2 in Section 2.5.

5 BOUNDARY VALUE PROBLEMS OF THE FOURTH ORDER

5.1 THE GENERAL PROBLEM
Consider a differential equation
Llul(x) = s(x) (0 < x <1),

together with two boundary conditions at x = O:
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Vi[U] = Ai (i = 192)’
and two such conditions at x = 1:
wi[u] = Bi (i = 1,2).

Let L be a linecar differential operator of the fourth order such
that the coefficient of uIV is positive in [0,1], and let
Vi[u], wi[u] be linear combinations of derivatives of u up to the

third order. For simplicity, we assume that the coefficient-functions

cf L are analytic on {[O,1].
Under what conditions do the relations

L{u](x) >0 (0 <x <1)
imrly u(x) > 0 (0 <x < 1) (5.1)
Vilul =W, [ul =0 (1 =1,2)

for all analytic functions a on [0,1}:

Tkis is true iff the curresponding Green's function exists and is
non-negative. Therefore, if this implication is true for all analytic

functiors wu, it is aiso true for all u ¢ CA[O,l].

There are some difficulties in applying Theorem 1 to this problem
directly. In applying Theorem 1 to second order problems, we used the
fact that the first and second derivatives of a function have to
satisfy certain necessary conditions at a pcint where this function
assumes an extremum. However, at such a point nothing can be said about
higher derivatives which occur in problems of higher order. Therefore,

we split the given operator L.
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We construct linear differential operators of the secoad order

Ll,L2 such that for all analytic functions wu:
Lyv] = w(x) (L[u] + q(x)u) (0 < x < 1) (5.2)
with
L1[u] = v (5.3)

and some fixed (analytic) functions w,q.
Then, we ask for conditions such that for all analytic u(x):

L{u](x) >0 (0 <x < 1), u(x) > 0O,
imply (5.4)

Vi[u] = wi[u] =0 (1 =1,2) v(x) >0 (0 <x < 1)
In order to gain such conditions, we formulate this problem in

abstract terms and then apply Theorem 1.

Let R be the space of all functions u which are analytic on
[0,1] and satisfy the boundary conditions Vi[u] = wi[u] =0 (i=1,2),
and let S be the set of analytic functions U on [0,1]. Define
for u € R, respectively U e S:

u(x) > 0,
u>0 iff (5.5)

v(x) >0 (0 <x <1)
with (5.3),
U >0 iff U(x) >0 (0<x<1),

and let u }-O, U >-0 denote the corresponding strong order relations,

defined by Property o. Then, Mu = L[u] 1is a mapping of R 1into 8§,
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and (5.4) holds 1ff M 1is inverse-positive.

Thus, we may apply Theorem 1 in order to get sufficient conditions
for the property (5.4). It is not possible to present here a general
theory of this kind. A first paper on this topic will soon be published
elsewhere [ 9]. Instead of reviewing general results, we will discuss

here a special, but typical case.

5.2 A SPECIAL PROBLEM
For the special boundary value problem

Llul(x) = ulV = bu" + cx)u = s(x) (0 < x < 1), (5.6)

u(0) = Al, u'(o) = A2, u(l) = Bl, u'(l) = B2 (5.7)

with constant b, let us choose the following splitting:

Ll[u] -pu" + p'u' + (P + y)u,

(5.8)

L2[v] -pv"' + p'v' + (P - y)v

where p(x) denotes an analytic function, P = -Lp" + 4bp, and vy

is a constant. For these operators, (5.2) (5.3) hold with
2 _ 2
w=p, q°: LZ[P +vy] - cp”.

In particular, we choose

X

p(x) =jg(£)d€ (5.9)
0
where g denotes a function, such that for some constant coz
810 - 2bg" +b’g =g (0 < x < 1) (5.10)



32

g(0) =0, g'(0) =1, g{x)=-g(l-x; (0 < x < i},
(5.11)
g{x) >0 (0 <x<k).
Moreover, let
y = - '%(1-¢) (5.12)

with some fixed ¢ such that 0 < e < 2,
THEOREM 6: Suppose the followirng assumptions are satisfied.

I. For some constant o with

c(x) < c 0 < x < 1), (5.13)

o
there exists a solution g of the equation (5.10) satisfying (5.11).

Let then LsL, denote the operators described above.
II. There exists a funcetiom z € R such that

L(z](x) > 0 (0 <x<1),
(5.14)
z(x) > 0, Ll[z](x) >0 (0O<x=<1). ,

Then, for all analytic functions u on [0,1), the relations

v

Llul] =u " = bu" +c(x)u>0 (0<x<1),

u(0) = u'(0) = u(l) =u'l) =0
u(x) > 0, (5.15)

'mp L
el L1[u](x) >0 (0<x=21)

PROOF: We will show that the operator M defined in Section 5.1
satisfies the assumptions of Theorem 1, for the special case which we

consider here.
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The functions v = L1[u] with u ¢ R satisfy v(0) = v'(0) =
v(l) = v'(1) = 0. There are, however, functions v of that kind such
that v'"(0) # 0, v"(1) # 0. Therefore, and because u ¢ R satisfies
the homogeneous boundary conditions, corresponding to (5.7), for

u e R:

u(x) > 0, vx) >0 (0 < x <1),

up0 iff (5.16)
u'"(0) > o, u"(@) >0, v"(0) >0, v"(1) > 0.

Moreover, for U ¢ R:
UMO0 iff U(x) >0 (0 <x <1).

Thus, Assumption II of Theorem 1 is satisfied because of the
conditions (5.14), and Assumption I of Theorem 1 is equivalent to the

following condition: For u e R, the inequalities

Llu](x) > 0 (0 <x < 1)
(5.17)
u(x) > 0, v(x) = L1[u](x) >0 (0<x<1)

imply the inequalities in (5.16).

The function p in (5.9) is positive in the open interval (0,1)

2
because of the properties of g. The function q, = L,[P + y] - CoP

is constant because
' 1V " 2 _
2q0 = plg” - 2bg" + (b~ - 4c0)g] 0 (0 <x <1).
The constant value of q is

4o (x) = 4,(0) = %[1 - (1-¢)%] > o.
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Therefore, and because of (5.13),
q(x) = q,(x) + (c, - C(X))pz(x) >0 (0<x < 1),

Let now the inequalities (5.17) be satisfied for some wu ¢ R.
Then, the function on the right-hand side of the equality (5.2) is
positive in (0,1), and therefore, one can prove, by the same method
that was used for second order equations, that v(x) > 0 (0 < x < 1).
But then, the same proof applied to equation (5.3) yields

u(x) > 0 (0 < x < 1),

In order to prove u"(0) >0 and v"(0) > 0, let us assume that

v'"(0) > 0 1is not satisfied. Then, v'"(0) = 0 where
v''(0) = (+ '5p"(0) + YuU"(0) =1 fu'(0), (5.18)
and therefore, u'"(0) = 0. These equalities then yield
0 < v'"(0) = (-%p"(o) + Y)u'"'(@0) = (-1 + %)u”«n and u"'(0) >0
which is only possible if v'"'(0) = u"'(0) = 0. In this case, however,

0 < v = -Zp"0) + ' (0)

03+§nmum

which contradicts (5.17). Therefore, v'"(0) > 0 and also u"(0) >0

because of (5.18).
In the same wav, one proves u''(l) >0, v'"(1l) > 0.
EXAMPLE 1: For
de, = (477 47,
the problem (5.10), (5.11) has the solution

g(x) = —-g; sin 2m (x-%).
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EXAMPLE 2: For = b = 0, the problem (5.10), (5.11) has

o
the solution g(x) = x(1-x)(1-2x), so that

p(x) = dx?(1-x)2,

Moreover, the function 2z = xz(l-x)2 satisfies (5.14) 1if c(x) = 0.

5.3 CONNECTED CLASSES OF PROBLEMS

Theorem 3 cannot be applied immediately because the order relations
defined in R now depend on the operator M. However, one still can apply

the basic idea of that theorem.

Again, we consider the problem (5.6), (5.7); but first we assume

that c(x) = o = const.

Let 8 be a connected set of coefficient vectors [ = (b,co),

and let 9 denote the set of operators L with (b,co) e ®.

If, in the following, connected with some operator L ¢ {, an
operator L1 is considered, this operator L1 shall be defined by (5.8)
through (5.12) with the coefficients (b,co) of L. For example, in

(5.15) this operator Ll is to be used.

THEOREM 7a: Suppose that the following asswmptions are satisfied.

la) For each L €, the homogeneous problem, corresponding to

(5.6), (5.7), has no nontrivial solution.

1b) For each L e &, the corresponding problem (5.10) has a

unique solution, such that (5.11) kolds.
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2. For at least one L ¢ @, the property (5.15) holds.
Then, the property (5.15) holds for all L ¢ Q.

PROOF: Suppose (5.15) does not hold for L1 e ¥ with coefficient
vector ll. but does hold for L° ¢ € with £°. Let then

't e & (0 <t <1) be a continuous curve which connects '0 and

f., and let pt(x), Y, be the corresponding quantities defined by

1
(5.9) through (5.12). Moreover, define z, € R to be the solution of

t

L[z](x) =1 (0 <x <1) where L has the coefficient vector 't'

The functions pt(x), zt(x), and Y, depend continuously on t.

Because of Theorem 6, it is sufficient to show that the functions

zt(x) satisfy z, >0 for 0 <x <1 in the sense of (5.5). We will

even show that z >0 for 0 <t < 1. Notice that the inequalities on
the right-hand side of (5.5), respectively (5.16), partly depend on Ll'

Of course, in the definition of zt > 0, respectively zt>'(h the

corresponding operator L. constructed with {(t) must be used.

1

We have 2z, > O because (5.15) holds for L = . Bt zt>0

(0 <t <1) is not true, then, because of continuity conditions, there
is a smallest to € [0,1] such that z, > 0, but not z, )-0. Such
0

(0]

a number ¢t however, cannot exist because the operator M,

0’

corresponding to t satisfies Assumption I of Theorem 1, so that

0'

z, > 0 implies z, > o.
0 0

We can extend the result of Theorem 7a to operators with variable
coefficient c(x). Suppose that the assumptions of Theorem 7a are

satisfied.
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THEOREM 7h: Let b and c, denote fixed numbers such that

0

(b,co) € &  If the homogeneous problem, corresponding to (5.6),

(5.7), has no nontrivial solution for all (b,c(x)) with

C(x) < c(x) <c €0 <x < B, (5.19)

0

where C(x) denotes some fixed function, then for all operators L

with such coefficients the property (5.15) holds.

The proof is similar to the proof of Theorem 5. Notice, that

now L1 is a fixed operator.

We will now give a more explicit example. Let, for

2

-107" < b < », A = A*(b) denote the smallest eigenvalue of the

eigenvalue problem

1V 2

g - 2bg" +b'g =4xg, g(x) = -g(l-x) (0 <x <1),

(5.20)
g(0) = g'(0) = g(1) = g'(1) = 0,
and suppose that ) = Aj;(b) is the largest eigenvalue of the

problem
il bu" = -Au (0 < x < 1),

(5.21)
u(0) = u'(0) = u(l) = u'(1l) = 0.

Then, the following Corollary is a consequence of Theorem 7

(see Figure 2).
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COROLLARY: If

-10m% < b <@ and (D) < e(x) < M(B) (0 < x < 1), (5.22)

then, for all u € C4[O,1],

Llul(x) >0 (0 < x < 1),
imply u(x) > 0 (O <x <1).

0) =u'(0) = 1) =u'(1l) =0
u(0) = u'(0) = u(l) = u'(1) (5.23)
PROOF: Let & denote the connected set of vectors [ = (b.co)

with

-10112 <b< o, Al(b) < e 0 < < A%b),

(o] 0
and let ¥ be the set of the corresponding operators L. We will show

that the assumptions of Theorem 7a are satisfied for this set §.

Because for each L e @, Al(b) < c the homogeneous

0'
problem corresponding to (5.6), (5.7) has no nontrivial solution. Thus,

Assumption la of Theorem 7a is satisfied.

Because €65 A*(b) for each L e ®, the corresponding problem

IV 2

g8 - 2bg" +b g = 4c (0<x<1),

0®
g(0) = g(1) =0, g'(0) =g'(1) =1

has a unique solution g which, obviously, satisfies g(x) = -g(l-x).
Therefore, in order to prove that Assumption 1lb is satisfied, we have

only to show that
g(x) >0 (0 < x <), (5.24)

This inequality is true for the function 8 = x(1-x) (1-2x) which
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FIGURE 2:

Shaded domain: described by (5.25);

eigencurve 1A = o = A*(b) of problem (5.20);
------ ¢ eigencurves ) = CO = A(b) of problem (5.21),.
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corresponds to LO[u] = uIv. Suppose, the inequality does not hold
for some gl, corresponding to an operator L1 e €. Then, by
continuity arguments of a similar kind as we have used before,

one can conclude that there exists a function g associated with an

operator L ¢ ¥ such that g(¢) = g'(§) =0 for some £ ¢ (0,%].

Suppose first, that this operator L has coefficients b,cO

satisfying b2 < 4c0. Then,

e —1 . iy - . A2
g(x) = 2(a.8) [sin B+ sinh 2a(x-%) - sinh a « sin 2B8(x-%)],

where 2a =V 2V c_+ b, 28 =/ 2 o ~ b, and

0

A(o,B) = 2a sin B8:cosh a - 26 sinh a.cos R.

The value /(a,B) does not vanish for any numbers a,8 which
belong to a vector (b,co) e 8, because A(a,B) = 0 determines the

eigenvalues of the problem (5.20), and o < A*(b).

The argument ¢, mentioned above, cannot be § = % because
g'(%) = 0 would yield sinh a/a = sin B/B which is not satisfied

for any o > O, B > 0.

For 0 < £ < L, we calculate
0 = A(a,B)[g(l} la-cosh 2a(E=Y%) - g'(£) + sinh 2a(£-k) ]

= ~(e-%) "1y sinh a-A(a,B)

with a = ta, 3 = t8, and O < t = 2(£-%) < 1. However, A(a,B) # O
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because the vector (5,50) corresponding to a,B8, also belongs

to R.
2
This proves (5.24) for all L €@ with b“ < éco. The other

cases, where b2.1 Aco, can be treated similarly.

Assumption 2 of Theorem 7a is also satisfied, because, as we

have seen at the end of Section 5.2, the property (5.15) holds for

IV

the operator L[u] = u which belongs to ®.

In order to show that (5.15) holds for all u e R if

-10n2 < b < ® and A(b) < c(x) < A*(b) - 8(b) (0 < x < 1) (5.25)

with some sufficiently small 6(b) > O, we apply Theorem 7b with

C(x) = Al(b), and cO = A*(b) - 8§(b) for each fixed

b € (-10n2, ). It has only to be proved that the equation

uIv - bu" + c(x)u = 0 yields u(x) =0 for u e R. This can be done

by a standard procedure. If u(x) # O, then

1 1
0 =f u(uIV - bu" + c(x)u)dx =] (u"u" + bu'u' + c(x)uz)dx
0 0]
1 1 2
>j' (u"u" + bu'u')dx + Al(b)f u’ (x)dx.
0 0

This is a contradiction to the fact that Al(b) is the largest

eigenvalue of the problem (5.21).

Thus, under the assumption (5.25), the implications (5.15) and
(5.23) hold for all u € R. 1In order to show that (5.23) is even true
for all u ¢ Ca[O,I] if the weaker assumption (5.22) is satisfied, one
uses the fact that the Green's function, corresponding to the problem

(5.6), (5.7) exists for c(x) > Al(b) and depends continuously on
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c(x), and that this function is non-negative if and only 1if

(5.23) is true for all u ¢ R, or all u e C4[O,l].
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6. NUMERICAL APPLICATION
6.1 A METHOD OF APPROXIMATION AND ESTIMATION
Let there be given a differential equation
Llu] (x) = s(x) (0<x<1)

of the N-th order (for example, N = 2, or N =4), together with

appropriate linear (inhomogeneous) boundary conditions, and suppose

that
Llul(x) >0 (0 < x <1) implies u(x) >0 (0 <x<1)

for all u € CN[O,l] which satisfy the corresponding homogeneous
boundary conditions. Assume, moreover, that the given problem has a

solution u* ¢ CN[O,1].

Then, one may calculate an approximation ¢ for u* and bounds

for the error u* - ¢ in the following way.

STEP A (Approximation). A development
¢ = ¢O + al¢l + oo + um¢m

is set up such that for arbitrary constants a FLI the function

1’..
¢ is contained in CN[O,l] and satisfies the given boundary conditions.

The constants a, are determined such that the defect

df¢)(x) = -L{¢)(x) + s(x)

is orthogonal to m appropriately chosen functions wk (k =1,2,...,m),
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with respect to an inner product

1
(u,v) = f w(x)u(x)v(x)dx, (6.1)

0
where w € CO[O,I] denotes some weight function. That means, the

constants ay constitute a solution of the linear system

2 gik ai + rk =0 Ck = 1,2,...;m) (6.2)

with

€
]

g = (@590 L6, ] (L,k = 1,2,...,m),

rk = (wol;v"k)’ ‘“0 d[‘pO] (k v 1’29---sm)-

STEP E (Estimation). A function =z ¢ CN[O,l] satisfying the
homogeneous boundary conditions is chosen, and a constant 2\ >0

is calculated such that

ld[¢]1(x)]| < AL[z](x) (0 < x < b)) (6.3)
Then, the error estimation
[u*(x) - ¢(x)| < Az(x) (0 < x < 1) (6.4)

holds.

This procedure has been programmed for a computer. In the program,

the occurring integrals (6.1) are calculated by some approximation
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method, and the system (6.2) is solved by an elimination procedure.
In order to obtain a number A satisfying (6.3), the function
d{¢)(x)/L[z](x) 1s calculated, and the corresponding graph is

dotted for a large number of points x.

6.2 AN EXAMPLE OF THE SECOND ORDER
The boundary value problem
-u" + 2xu' + (l-xz)u = l-x2 (0 <x <1),
u'(0) = u(l) =0
has the exact solution
uk = 1 - expli(x®1).
We calculated approximate solutions with

It R 02 ssa) s

-
1
o
-
©
"

but chose w and the wk in three different ways (Cases 1,2,3).

For the error estimation, the function =z = zO with

2 2
zo(x) = L(e - e ) and L[zO] = e* 4 (1-x2)zO (6.5)

was used. The Tables 1,2,3 contain some of the corresponding results,

namely
§ = |ju* - ¢||, and A||z|| = 4re with A = |1d[¢)/L12)]],
where the notation
|ful| = max {Ju(x)|: 0 < x < 1}

is used. Obviously, A||z|| 1is the maximum of the bound for the error
|u* - ¢|. The numbers & are rounded in the usual way, the numbers

A||z|| are rounded up to the next larger decimal.

The simplest weight function w(x) = 1, and the functions
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wk = xk-l (k = 1,2,...,m) give the results in Table 1, for
m=2,3,4,5 (Case 1). For this case, the maximal values of the
quotient [d[4](x)|/L{z](x) occur near the boundary points x = O
and x = 1.
Therefore, in the second case, the same functions wk’ but

weight functions

we) = -y =2, 3D

are used which have larger values near the boundary points than
in the middle of the interval. The corresponding results for m = 4

are contained in Table 2.
A similar effect can be obtained with the simple weight function

w(x) = 1, but rational functions wk. For m = 4,

.1 b el
X - ¢ 4 x - (14c)

and different values of ¢, one gets the results in Table 3.

The result in the second case, for y = 7/8, comes close to that
which one would gain by requiring that the Tschebyscheff norm of
d[¢](x)/L[z](x) 1is minimal, because the extrema of this quotient

have alternate signs and almost equal absolute values.

In all cases which we treated, we obviously did not get very much
smaller error bounds by using another approach than the simplest one

in Case 1.
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TABLE 1 (w(x) = 1, wk = xk-l
Mlz|] = Aohe =
m 6§ = ||ux - ¢]| || error bound ||
3 0.000 715 0.033
4 0.000 069 O 0.008 3
5 0.000 005 04 0.000 92
6 0.000 000 525 0.000 15
TABLE 2 (w = {1 - y(2x - 1)2]-1, Y, = xk‘l, m=4)

k

Mlzl] = Nge =

Y § = |lux = ¢]| || error bound ||

0 0.000 069 0.008 3

0.5 0.000 114 0.007 3

0.75 0.000 157 0.006 3

0.875 0.000 192 0.005 4

TABLE 3 (w1, m= 4, ¢ as in (6.6))
Mlz|| = rse =

[ § = {lu* - ¢ll [l error bound ll
1 0.000 077 0.008 1

0.5 0.000 088 0.007 9

0.2 0.000 116 0.007 3

0.01 0.000 256 0.006 3
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It was not necessary to use orthogonalized functions wk
in order to avoid undesired consequences of rounding errors in
solving the linear system. (For corresponding error estimations
for partial differential equations, we had to use orthogonalized

functions wk.)

6.3 CONCERNING THE ACCURACY OF THE ERROR ESTIMATION

For the examples of Section 6.2, the actual error Iu* - ¢|
is much smaller than the error bound, and the ratio &/A decreases
with increasing m. This ﬁas to be expected in general, if one
calculates error bounds for different m in the same simple way, as
we did.

If one requires that the defect is orthogonal to all polynomials
up to the degree m - 1, or to functions with similar behavior, the
defect assumes the value O at least m times in the interval [0,1].
The error u* - ¢ then usually oscillates similarly. However, because
the defect d[¢] = L[u* - ¢] contains derivatives of the error, this
defect will not decrease as fast as the error, with increasing m. For
example, if L[u) = ~u", and u* -¢™ = f(m) sin(m-1)7x with some

(decreasing) function f(m), then d[¢m] = (m-l)znz(u*-¢m).

If one wants to get an error bound which is close to the actual
error, this bound need have a similar oscillatory behavior as u* - ¢.
To calculate such a bound requires much more work than to get such simple

bounds as in Section 6.2. This additional effort is better used to
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obtain better approximations.

For example, let ¢ = ¢m be the approximations of Case 1 for different
m= 3,4,5,6, and denote by Am the corresponding value X in Table 1.

Then, for ¢ = ¢3, the inequality (6.3) is satisfied for A =1 and

z =7 with ¢ = @3 - ¢5 + Aszo and zo as in (6.5). This function ¢

is a bound for |uk - ¢3| which is not much larger than |u* - ¢3]

3 6
itself, and the similar function ¢ - ¢ + A6zo is an even better bound.
But, it is not reasonable to use the estimation |u* - ®3l < ¢. It would

be better to use |uk - ¢5| :_Aszo.

The question of practical interest is not, how close to the
actual error the error bound is, but how small a bound one can get with

a certain amount of work.

If one wants to get exact error bounds, one has to take into account
the rounding errors. The rounding errors which occur during the
calculation of the constants ai might influence the accuracy of the
approximation ¢, but they do not destroy the validity of the correspond-
ing error estimation. Only the rounding errors which occur when ¢ 1is
calculated with the computed s and those which occur during Step E
have to be considered in some way. In particular, one has to be careful
in calculating the defect d[¢] which usually is a small number computed

as a difference of larger numbers. Eventually, one has to compute the

defect with double precision. This was not necessary for our examples.
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6.4 EXAMPLES OF THE FOURTH ORDER
We treated the boundary value problem

uIv - bu" + ¥[1 + x(1 - x)]Ju = 1000(1 + x) (0<x<1

u(0) = u'(0) = u(l) =u'(l) =0

for different constants b and UH. Approximate solutions ¢ have

been calculated using

0,(x) T 0, ¢ = X1 - 0!

{ 1=1,2,...,m),

iy 2 et (1=1,2,...,m).

The method of error estimation in Section 6.2 can be applied 1if

(5.22) is satisfied for c(x) = p[l + x(1-x)], 1i.e. if
-101° < b <@, 2A(b) < u < FAK(D) (6.6)
If b and u are small enough, one can use
z = x2(1 - x)? (6.7)

because then L[z](x) > 0. This was done in
CASE 1: b=0; u=1.

The Table 4 contains some of the corresponding results:

68, |ldlé)||, and A||z|| with x = ||d[e]/L[2]]]. (6.8)



BLANK PAGE



51

The values ¢()%) are listed with all decimals that were calculated
by the computer. Therefore, the last decimals might be influenced

by rounding errors.
For
CASE 2: b=6, u =100,

different functions 2z have been used, namely 2z 1in (6.7), and the

solutions 2z = z. of the problem

k

2 < bz" 4 kepz = 1, z(0) = 2'(0) = z(1) = z'(1) = O

for

k=1, 1.25, 2, 4, 10. (6.9)
Except the cases m = 4, k = 8; m=4, k = 10; and m= 7, k = 10,
the maximum of d[¢]/L[z] occurred at one of the boundary points,

so that then

[lerror bound|| = Al|z|| = HALLL 12| ] = ljatall], 610

where the numbers v are listed for different cases in Table 5A.

The Table 5B contains the quantities (6.8) for Case 2 with

R o

For

CASE 3: b = 20; w = 200, 400, 800, 1200,
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we have checked how the approximation and estimation procedure behaves

with increasing c(x). For b = 20, the second relation in (6.6)

becomes

595 % A (b) < u < BM(b) ® 1229

Among the functions 2z, with k as in (6.9), =z gives the smallest

k 4

bounds for most of the numbers m which we used. Table 6 contains

some of the corresponding results.
Finally, in
CASE 4: b = 20; u = -200, -400, =500,

we checked how the error bounds behave with decreasing c(x). Some

results are given in Table 7. For simplicity, we used 2z = z,

although other functions =z might give better bounds.

k
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TABLE 4 (b = 0, u = 1)
x||z|| = |]error bound| |
m ¢ (%) [[dle]]] for z in (6.7)
2 3.899 673 1 2.595 0.006 8
3 3.896 778 O 1.258 0.003 3
4 3.896 778 4 1.232 0.003 3
5 3.896 572 6 0.117 0.000 31
TABLE 5A (b = 6, 1 = 100)
z v in (6.10)
z as in (6.7) 0.005 209
1 0.001 925
1.25 0.001 855
z, with k = 2 0.001 673
4 0.001 325
10 0.000 809
TABLE 5B (b = 6, p = 100)
Allzll = ||error bound||
m () llateil] | *°F 2% %10
3 2.797 274 9 104.98 0.085
4 2797 275 1 51.27 0.057
5 2.791 040 6 4.67 0.003 8
6 2.791 041 5 2.47 0.002 O
7 2.790 992 4 1.32 0.001 4
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TABLE 6 (b = 20)

: A|:2|| = ||error bound | |
b | m ¢C9) Lldrell for z =2,
3 | 1.551 691 4 | 241.09 0.13
4 | 1.551 691 4 | 57.51 0.032
400
5 | 1.556 082 7 0.904 0.000 67
6 | 1.556 083 9 0.602 0.000 66
3 [ 1.102 873 6 | 214.90 0.083
4 | 1.102 873 6 | 22.61 0.071
800 [ 5 | 1.102 733 9 | 20.33 0.064
6 | 1.102 733 9 | 12.74 0.049
7 | 1.102 889 5 1.40 0.000 44
3 | 0.851 844 09| 262.68 0.076
4 | 0.851 844 12! 63.02 0.014
1200 | 5 | 0.850 614 11| 39.51 0.008 6
6 | 0.850 614 12| 25.55 0.007 1
7 | 0.850 904 94| 2,54 0.000 55




TABLE 7 (b = 20)
Al |z|| = ||error bound]|
y | m 8 () |lale1l! for =z =2

3 | 3.841 732 636.30 1.6

4 | 3.841 732 495.95 1.2
-200 { 5 | 3.914 621 31.14 0.075

6 | 3.914 623 14.83 0.036

7 | 3.914 505 6.07 0.015

3 | 7.423 625 1 317 5.0

4 | 7.423 626 1 193 4.6
-400 | 5 | 7.755 458 33.20 0.13

6 | 7.755 471 9.84 0.038

7 | 7.755 355 1 2.05 0.0078

3 13.818 191 | 2 554 16

4 13.818 193 2 439 16
-500 | 5 15.109 652 37.03 0.20

6 15.109 649 10.26 0.099

7 15.109 907 4.47 0.024
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